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SHARP SOBOLEV-POINCARÉ INEQUALITIES
ON COMPACT RIEMANNIAN MANIFOLDS

EMMANUEL HEBEY

Abstract. Given (M, g) a smooth compact Riemannian n-manifold, n ≥ 3,
we return in this article to the study of the sharp Sobolev-Poincaré type in-
equality

‖u‖22? ≤ K2
n‖∇u‖22 + B‖u‖21(0.1)

where 2? = 2n/(n − 2) is the critical Sobolev exponent, and Kn is the sharp
Euclidean Sobolev constant. Druet, Hebey and Vaugon proved that (0.1) is
true if n = 3, that (0.1) is true if n ≥ 4 and the sectional curvature of g is
a nonpositive constant, or the Cartan-Hadamard conjecture in dimension n is
true and the sectional curvature of g is nonpositive, but that (0.1) is false if
n ≥ 4 and the scalar curvature of g is positive somewhere. When (0.1) is true,
we define B(g) as the smallest B in (0.1). The saturated form of (0.1) reads
as

‖u‖22? ≤ K2
n‖∇u‖22 +B(g)‖u‖21 .(0.2)

We assume in this article that n ≥ 4, and complete the study by Druet, Hebey
and Vaugon of the sharp Sobolev-Poincaré inequality (0.1). We prove that (0.1)
is true, and that (0.2) possesses extremal functions when the scalar curvature
of g is negative. A fairly complete answer to the question of the validity of (0.1)
under the assumption that the scalar curvature is not necessarily negative, but
only nonpositive, is also given.

Let (M, g) be a smooth compact Riemannian n-dimensional manifold, n ≥ 3,
and H2

1 (M) be the Sobolev space defined as the completion of C∞(M) with respect
to

‖u‖2H2
1

=
∫
M

|∇u|2dvg +
∫
M

u2dvg.

Also let Kn be the best constant K in the Euclidean Sobolev inequality(∫
Rn
|u|2?dx

) 1
2?

≤ K
(∫

Rn
|∇u|2dx

) 1
2

where 2? = 2n
n−2 is the critical Sobolev exponent. It is well known that

Kn =

√
4

n(n− 2)ω2/n
n

Received by the editors November 18, 2000.
2000 Mathematics Subject Classification. Primary 58E35.

c©2001 American Mathematical Society

1193
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where ωn is the volume of the unit sphere Sn of Rn+1. By the Sobolev-Poincaré
inequality, there exists A,B > 0, such that for any u ∈ H2

1 (M),(∫
M

|u|2?dvg
)2/2?

≤ A
∫
M

|∇u|2dvg +B

(∫
M

|u|dvg
)2

.(1.1)

Basic arguments as in the proof of proposition 4.5 of Hebey [10] lead to the following:
any constant A in (1.1) is such that A ≥ K2

n, and for any ε > 0, there exists Bε > 0
such that for any u ∈ H2

1 (M),(∫
M

|u|2?dvg
)2/2?

≤
(
K2
n + ε

) ∫
M

|∇u|2dvg + Bε

(∫
M

|u|dvg
)2

.(1.2)

It follows that the best constant A in (1.1) is A = K2
n. In this article we consider

the sharp inequality(∫
M

|u|2?dvg
)2/2?

≤ K2
n

∫
M

|∇u|2dvg +B

(∫
M

|u|dvg
)2

(1.3)

where u ∈ H2
1 (M) and B > 0 is independent of u. We say that (1.3) is valid if

there exists B such that (1.3) holds for all u ∈ H2
1 (M). Concerning the terminol-

ogy, a Cartan-Hadamard n-dimensional manifold is a complete simply-connected
n-dimensional Riemannian manifold of nonpositive sectional curvature. We then
refer to the n-dimensional Cartan-Hadamard conjecture as follows: given (M̃, g̃)
a Cartan-Hadamard n-dimensional manifold, and Ω a smooth bounded domain in
M̃ , we ask for the inequality

Areag̃(∂Ω)
V olg̃(Ω)(n−1)/n

≥ n
(ωn−1

n

) 1
n

that is the value one gets for the above ratio in the Euclidean n-dimensional space
when Ω is a ball. Such a conjecture is true for n = 2 thanks to Weil [14], for n = 3
thanks to Kleiner [12], and for n = 4 thanks to Croke [3]. The following assertions
were proved by Druet, Hebey and Vaugon [7]: given (M, g) a compact Riemannian
manifold of dimension n ≥ 3,

1. If n = 3, then (1.3) is valid without any assumption on the manifold.
2. If n ≥ 4 and the sectional curvature of g is a nonpositive constant, or the

Cartan-Hadamard conjecture in dimension n is true and the sectional curvature of
g is nonpositive, then (1.3) is valid.

3. If n ≥ 4 and the scalar curvature of g is positive somewhere, then (1.3) is not
valid.

In particular, since the Cartan-Hadamard conjecture is true in dimension 4, it
follows from these assertions that inequality (1.3) when n = 4 is not valid if the
scalar curvature of g is positive somewhere, but valid if the sectional curvature of g
is nonpositive. Assume now that (1.3) is valid. Then there exists B > 0 such that
for any u ∈ H2

1 (M),(∫
M

|u|2
?

dvg

)2/2?

≤ K2
n

∫
M

|∇u|2dvg +B

(∫
M

|u|dvg
)2

.
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We define B(g) as the smallest B in this inequality. It is easily seen that for any
u ∈ H2

1 (M),(∫
M

|u|2?dvg
)2/2?

≤ K2
n

∫
M

|∇u|2dvg +B(g)
(∫

M

|u|dvg
)2

(1.4)

and taking u ≡ 1, we see that B(g) ≥ V
−n+2

n
g where Vg is the volume of M with

respect to g. We say that u ∈ H2
1 (M), u 6≡ 0, is an extremal function for (1.4)

if u realizes the equality in (1.4). Natural questions we address in this article
are whether or not (1.3) is valid when the scalar curvature of g is negative, and
whether or not (1.4) possesses extremal functions in this situation. We already
know by Druet, Hebey and Vaugon [7] that (1.3) is valid in dimension 3 without
any sign assumption on the curvature. When n ≥ 4, we answer the above two
questions in the following theorem:

Theorem 1. Let (M, g) be a compact Riemannian manifold of dimension n ≥ 4
and negative scalar curvature. Then inequality (1.3) is valid. Moreover, inequality
(1.4) possesses extremal functions.

Concerning the validity of (1.3), and combining this theorem with what was
proved by Druet, Hebey and Vaugon [7], it follows that (1.3) is true when n = 3
without any assumptions on the sign of the curvature, and that when n ≥ 4, (1.3)
is true if the scalar curvature of g is negative, but false if the scalar curvature of
g is positive somewhere. Then, a natural question is whether or not (1.3) is valid
if the scalar curvature of g is nonpositive. Following standard terminology, we say
that g is conformally flat if conformal changes of g induce local isometries with
the Euclidean space. When n ≥ 4, a necessary condition is that Wg ≡ 0, where
Wg is the Weyl curvature tensor of g. When g is not conformally flat, we refer
to nonconformally flat points x as points where Wg(x) 6≡ 0. A fairly complete
answer to the question of whether or not (1.3) is valid if the scalar curvature of g
is nonpositive is given by the following theorem:

Theorem 2. Let (M, g) be a compact Riemannian n-manifold of nonpositive scalar
curvature, n ≥ 3. If g is conformally flat, then inequality (1.3) is valid. Conversely,
assume n ≥ 6 and g is not conformally flat. If g is scalar flat in an open neigh-
bourhood of one nonconformally flat point, then (1.3) is not valid.

In particular, it follows from the second assertion of the theorem that if n ≥ 6,
g is scalar flat, and not conformally flat, then (1.3) is not valid. Possible general
references for more information on the study of sharp inequalities of Sobolev type
are Druet-Hebey [6] and Hebey [10]. Sections 1, 2, and 3 of this article are devoted
to the proof of Theorem 1. Section 4 is devoted to the proof of Theorem 2.

1. The PDE aspect of the problem

Let α be a sequence of positive real numbers converging to some α0 ∈ (0,+∞].
We assume that for any α in the sequence,

inf
H2

1 (M)\{0}
Iα(u) <

1
K2
n

(1.1)

where Iα is the functional defined on H2
1 (M)\{0} by

Iα(u) =
‖∇u‖22 + α‖u‖21

‖u‖22?
.
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We claim that (1.1) implies the existence of a nonnegative minimizer uα ∈ H2
1 (M)

for

λα = inf
H2

1 (M)\{0}
Iα(u).

We proceed as in Druet, Hebey and Vaugon [7]. For q < 2?, let θq > 1 be such that
θq goes to 1 as q goes to 2?. We fix α > 0 and for q < 2? we let

λq = inf
H2

1 (M)\{0}

‖∇u‖22 + α‖u‖2θq
‖u‖2q

.(1.2)

The embedding of H2
1 (M) in Lq(M) being compact, and since the above functional

is homogeneous, there exists a nonnegative minimizer uq for λq such that ‖uq‖q = 1.
Clearly, uq is a weak solution of

∆guq + α

(∫
M

uθqq dvg

) 2
θq
−1

uθq−1
q = λqu

q−1
q(1.3)

where ∆g stands for the Laplacian with respect to g. It is easily checked that, up to
a subsequence, we may assume that for some λ′α ≤ λα, the sequence (λq) goes to λ′α
as q goes to 2?. Noting that (uq) is bounded in H2

1 (M), there exists uα ∈ H2
1 (M)

such that, up to a subsequence, (uq) converges weakly to uα in H2
1 (M), strongly to

uα in L2(M), and almost everywhere. Moreover, one can assume that

uq−1
q ⇀ u2?−1

α in L2](M)

where 2] = 2n/(n+ 2) is the conjugate exponent of 2?. By (1.2), and since for any
ε > 0 there exists Bε such that for any u ∈ H2

1 (M),

‖u‖22? ≤
(
K2
n + ε

)
‖∇u‖22 +Bε‖u‖21

one has that uα 6≡ 0. This is by now standard. Let εq = θq − 1. Clearly, (uεqq ) is
bounded in Lp(M) for any p > 1. On such an assertion, just note that for q � 1,(∫

M

upεqq dvg

)1/p

≤
(∫

M

u2
qdvg

)εq/2
V

1
p−

εq
2

g(1.4)

where Vg is the volume of M with respect to g. Since Lp-spaces are reflexive
for p > 1, there exists Σα ∈

⋂
p>1 L

p(M) such that for any p > 1, and up to a
subsequence,

uεqq ⇀ Σα in Lp(M).

Passing to the limit as q goes to 2? in (1.4), one gets that for any p > 1,

‖Σα‖p ≤ V 1/p
g .

As an easy consequence, Σα ∈ L∞(M) and 0 ≤ Σα ≤ 1. Another easy claim is
that Σαϕ = ϕ for any ϕ ∈ H2

1 (M) having the property that |ϕ| ≤ Cuα on M for
some constant C > 0. By passing to the limit in (1.3), one gets that uα is a weak
solution of

∆guα + α

(∫
M

uαdvg

)
Σα = λ′αu

2?−1
α .(1.5)

Clearly, ‖uα‖2? ≤ 1. Mutiplying (1.5) by uα and integrating over M gives

‖∇uα‖22 + α‖uα‖21
‖uα‖22?

= λ′α‖uα‖2
?−2

2? .



SHARP SOBOLEV-POINCARÉ INEQUALITIES 1197

This implies that ‖uα‖2? = 1 and that λ′α = λα. In particular, uα is a minimizer
for λα, and the above claim is proved. Summarizing, let α be a sequence of positive
real numbers converging to some α0 ∈ (0,+∞], and assume that for any α in the
sequence,

λα = inf
H2

1 (M)\{0}
Iα(u) <

1
K2
n

where Iα is as above. Then there exists uα ∈ H2
1 (M), uα ≥ 0 and uα 6≡ 0, such

that

∆guα + α

(∫
M

uαdvg

)
Σα = λαu

2?−1
α

and
∫
M u2?

α dvg = 1, where Σα ∈ L∞(M) is such that 0 ≤ Σα ≤ 1 and Σαϕ = ϕ for
any ϕ ∈ H2

1 (M) such that |ϕ| ≤ Cuα for some constant C > 0.

2. Blow up and PDE estimates

Let α be a sequence of positive real numbers converging to some α0 ∈ (0,+∞].
We assume that for any α in the sequence,

inf
H2

1 (M)\{0}
Iα(u) <

1
K2
n

where Iα is as in Section 1. Thanks to Section 1, we get that there exist uα ∈ H2
1 (M)

and Σα ∈ L∞(M), 0 ≤ Σα ≤ 1, such that

∆guα + α

(∫
M

uαdvg

)
Σα = λαu

2?−1
α(2.1)

and
∫
M
u2?

α dvg = 1. Moreover, Σαϕ = ϕ for any ϕ ∈ H2
1 (M) such that |ϕ| ≤ Cuα

for some constant C > 0, and we have that

α

∫
M

uαdvg

∫
M

Σαdvg = λα

∫
M

u2?−1
α dvg.(2.2)

Let u ∈ H2
1 (M), u ≥ 0, be such that for any nonnegative ϕ ∈ H2

1 (M),∫
M

(∇u∇ϕ) dvg ≤
∫
M

u2?−1ϕdvg

where (∇u∇ϕ) is the pointwise scalar product with respect to g of ∇u and ∇ϕ.
We know from PDE theory and the Moser iterative scheme that u ∈ L∞(M), with
the additional property that for any x in M , any Λ > 0, any p > 0, and any q > 2?,
there exists δ > 0 such that if ∫

Bx(2δ)

uqdvg ≤ Λ,

then

sup
y∈Bx(δ)

u(y) ≤ C̃
(∫

Bx(2δ)

updvg

)1/p

where C̃ > 0 does not depend on u. It follows that uα ∈ L∞(M). In particular,
uα ∈ Hp

2 (M) for any p > 1, and it follows from (2.1) that uα is actually in C1,λ for
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any λ ∈ (0, 1). As another remark, the sequence (uα) is bounded in H2
1 (M). We

assume in what follows that

lim
α→α0

∫
M

u2
αdvg = 0.(2.3)

This is automatically the case if α0 = +∞. Multiplying (2.1) by uα, and integrating
over M , we get indeed that

‖∇uα‖22 + α‖uα‖21 = λα.

As a consequence, ‖uα‖1 → 0 as α→ +∞, and by Hölder’s inequality, since uα is
of norm 1 in L2? , this implies that ‖uα‖2 → 0 as α→ +∞. By Hebey-Vaugon [11],
there exists B ∈ R such that for any u ∈ H2

1 (M),(∫
M

|u|2?dvg
)2/2?

≤ K2
n

∫
M

|∇u|2dvg +B

∫
M

u2dvg.

Taking u = uα in this inequality, we get that

1 ≤ λαK2
n +B

∫
M

u2
αdvg

and it follows from this inequality and (2.3) that

lim
α→α0

λα =
1
K2
n

.(2.4)

Similarly,

1−B
∫
M

u2
αdvg ≤ K2

n

∫
M

|∇uα|2dvg = K2
nλα −K2

nα

(∫
M

uαdvg

)2

and it follows that

lim
α→α0

α

(∫
M

uαdvg

)2

= 0.(2.5)

Define now a concentration point x for (uα) by the property that for any δ > 0,

lim sup
α→α0

∫
Bx(δ)

u2?

α dvg > 0.

As in Druet, Hebey and Vaugon [7], (uα) has, up to a subsequence, one and only
one concentration point x0. One may then assume that for any δ > 0,

lim
α→α0

∫
Bx0(δ)

u2?

α dvg = 1

and we have that

uα → 0 in C0
loc(M\{x0})(2.6)

as α goes to α0. We let xα ∈M and µα ∈ R be such that

uα(xα) = ‖uα‖∞ = µ
−n−2

2
α .

According to what we just said, xα → x0 and µα → 0 as α→ α0. By (2.5), noting
that

1 = ‖uα‖2
?

2? ≤ ‖uα‖2
?−1
∞ ‖uα‖1
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we get that

lim
α→α0

αµ
n+2

2
α

∫
M

uαdvg = 0.(2.7)

Taking inspiration from different works developed by Druet (see Druet [5], Druet
and Robert [8], and Druet and Hebey [6] for an overview), we prove in this section
several estimates for the uα’s. Theorem 1 follows from these estimates as explained
in the next section. As a first estimate, we claim that the following holds:
Estimate 1. For any R > 0,

lim
α→α0

∫
Bxα (Rµα)

u2?

α dvg = 1− εR(2.8)

where εR > 0 is such that εR → 0 as R→ +∞.

Proof of Estimate 1. We let expxα be the exponential map at xα. There clearly
exists δ > 0, independent of α, such that for any α, expxα is a diffeomorphism from
B0(δ) ⊂ Rn onto Bxα(δ). For x ∈ B0(µ−1

α δ), we set

g̃α(x) =
(
exp?xα g

)
(µαx), ũα(x) = µ

n−2
2

α uα
(
expxα(µαx)

)
and Σ̃α(x) = Σα

(
expxα(µαx)

)
. It is easily seen that

∆g̃α ũα + αµ
n+2

2
α

(∫
M

uαdvg

)
Σ̃α = λαũ

2?−1
α .(2.9)

Moreover,

ũα(0) = ‖ũα‖∞ = 1(2.10)

and if ξ stands for the Euclidean metric of Rn,

lim
α→α0

g̃α = ξ in C2(K)(2.11)

for any compact subset K of Rn. Thanks to (2.7) and (2.9)-(2.11), we get by
standard elliptic theory, as developed in Gilbarg-Trudinger [9], that there exists
some ũ ∈ C1(Rn) such that for any compact subset K of Rn,

lim
α→α0

ũα = ũ in C1(K).(2.12)

Clearly, ũ(0) = 1 and ũ 6≡ 0. Moreover, it is easily seen that ũ ∈ H2
0,1(Rn), where

H2
0,1(Rn) is the homogeneous Euclidean Sobolev space of order two for integration

and order one for differentiation. By passing to the limit as α goes to α0 in (2.9),
according to (2.4), (2.7), (2.11), and (2.12), we get that ũ is a solution of

∆ξũ =
1
K2
n

ũ2?−1.

By Caffarelli-Gidas-Spruck [2], and also Obata [13],

ũ(x) =
(

1
1 +A|x|2

)n−2
2

(2.13)

where A−1 = n(n − 2)K2
n, since ũ(0) = ‖ũ‖∞ = 1 by (2.10) and (2.12). Noting

that ũ is of norm 1 in L2?(Rn), and that for any R > 0,∫
Bxα (Rµα)

u2?

α dvg =
∫
B0(R)

ũ2?

α dvg̃α ,
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we get that

lim
α→α0

∫
Bxα (Rµα)

u2?

α dvg = 1−
∫
Rn\B0(R)

ũ2?dx.

This proves (2.8).

We now claim that the following estimate holds:
Estimate 2. There exists C > 0, such that for any α, and any x,

dg(xα, x)
n
2−1uα(x) ≤ C(2.14)

where dg is the distance with respect to g.

Proof of Estimate 2. We set

vα(x) = dg(xα, x)
n
2−1uα(x)

and assume by contradiction that for some subsequence,

lim
α→α0

‖vα‖∞ = +∞.(2.15)

Let yα be some point in M where vα is maximum. By (2.6), yα → x0 as α→ α0,
while by (2.15),

lim
α→α0

dg(xα, yα)
µα

= +∞.(2.16)

Fix now δ > 0 small, and set

Ωα = uα(yα)
2

n−2 exp−1
yα (Bxα(δ)) .

For x ∈ Ωα, define

ṽα(x) = uα(yα)−1uα

(
expyα(uα(yα)−

2
n−2x)

)
and

hα(x) =
(
exp?yα g

)(
uα(yα)−

2
n−2x

)
.

It easily follows from (2.15), since M is compact, that uα(yα) → +∞ as α → α0.
Hence,

lim
α→α0

hα = ξ in C2 (B0(2))(2.17)

where ξ is the Euclidean metric. Independently, we have that

∆hα ṽα ≤ λαṽ2?−1
α .(2.18)

Since vα(yα) goes to +∞, for α close to α0, and all x ∈ B0(2),

dg

(
xα, expyα(uα(yα)−

2
n−2x)

)
≥ 1

2
dg(xα, yα).(2.19)

This implies that

ṽα(x) ≤ 2
n
2−1dg(xα, yα)1−n2 uα(yα)−1vα

(
expyα(uα(yα)−

2
n−2x)

)
≤ 2

n
2−1dg(xα, yα)1−n2 uα(yα)−1vα(yα)

so that for α close to α0,

sup
x∈B0(2)

ṽα(x) ≤ 2
n
2−1.(2.20)
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By (2.16) and (2.19), given R > 0, and for α close to α0,

Byα(2uα(yα)−
2

n−2 ) ∩Bxα(Rµα) = ∅.(2.21)

Noting that ∫
B0(2)

ṽ2?

α dvhα =
∫
Byα (2uα(yα)

− 2
n−2 )

u2?

α dvg

it follows from (2.8) and (2.21) that

lim
α→α0

∫
B0(2)

ṽ2?

α dvhα = 0.(2.22)

By (2.17), (2.18), (2.20), (2.22), and the Moser iterative scheme we get that

lim
α→α0

sup
x∈B0(1)

ṽα(x) = 0.

But ṽα(0) = 1, so that (2.15) must be false. This proves (2.14).

Another estimate we need, somehow similar to the preceding one, is the following
estimate:
Estimate 3. Given R > 0,

sup
x∈M\Bxα (Rµα)

dg(xα, x)
n
2−1uα(x) = εR(α)(2.23)

where dg is the distance with respect to g, and lim
R→+∞

lim
α→α0

εR(α) = 0.

Proof of Estimate 3. We set

vα(x) = dg(xα, x)
n
2−1uα(x)

and proceed once more by contradiction. Then there exists yα ∈ M and ε0 > 0
such that

lim
α→α0

dg(xα, yα)
µα

= +∞ and vα(yα) ≥ ε0.

As above, we fix δ > 0 small, and set

Ωα = uα(yα)
2

n−2 exp−1
yα (Bxα(δ)) .

For x ∈ Ωα, we define

ṽα(x) = uα(yα)−1uα

(
expyα(uα(yα)−

2
n−2x)

)
and

hα(x) =
(
exp?yα g

)(
uα(yα)−

2
n−2x

)
.

Once again ∆hα ṽα ≤ λαṽ2?−1
α . As when proving (2.14), for any x ∈ B0(1

2ε
2

n−2
0 ),

dg(xα, zα) ≥ 1
2
dg(xα, yα)

and

ṽα(x) = uα(yα)−1vα(zα)dg(xα, zα)1− n2

where zα = expyα(uα(yα)−
2

n−2x). It follows from (2.14) that

ṽα(x) ≤ C2
n
2−1ε−1

0 .
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Noting that for R > 0, and for α close to α0,

Byα

(
1
2
ε

2
n−2
0 uα(yα)−

2
n−2

)
∩Bxα(Rµα) = ∅

we conclude as when proving (2.14) that (2.23) holds.

Now, we claim that the following estimate holds:
Estimate 4. If α0 = +∞, then, for any δ > 0,

lim
α→α0

∫
M\Bx0 (δ)

u2
αdvg∫

M u2
αdvg

= 0.(2.24)

In other words, L2-concentration holds for uα in any dimension when α0 = +∞.

Proof of Estimate 4. We let 0 ≤ η ≤ 1 be a smooth increasing radially symmetric
function with respect to x0 such that η = 1 in M\Bx0(δ) and η = 0 in Bx0(δ/2).
By the Moser iterative scheme, see the beginning of this section, and by (2.6),∫

M\Bx0 (δ)

u2
αdvg ≤ Cδ

∫
M

uαdvg

∫
M

ηuαdvg(2.25)

where Cδ > 0 is independent of α. Independently, we have by (2.1) that∫
M

uαdvg

∫
M

ηuαdvg =
1
α

∫
M

ηuα

(
λαu

2?−1
α −∆guα

)
dvg.(2.26)

Integrating by parts,∫
M

ηuα∆guαdvg =
∫
M

η|∇uα|2dvg +
∫
M

(∇η∇uα)uαdvg

where (∇η∇uα) is the pointwise scalar product with respect to g of ∇η and ∇uα.
Since |(∇η∇uα)| ≤ |∇η||∇uα|, and by Hölder’s inequalities,∫

M

|(∇η∇uα)|uαdvg ≤
√∫

M

u2
αdvg

√∫
Bx0 (δ)\Bx0 (δ/2)

|∇uα|2dvg.

Coming back to (2.25) and (2.26), we get that
1
Cδ

∫
M\Bx0 (δ)

u2
αdvg ≤

λα
α

∫
M

ηu2?

α dvg

+
1
α

√∫
M

u2
αdvg

√∫
M\Bx0 (δ/2)

|∇uα|2dvg.

Noting that ∫
M

ηu2?

α dvg =
∫
M

(ηu2?−2
α )u2

αdvg

it follows from (2.6) that

lim
α→+∞

∫
M
ηu2?

α dvg∫
M u2

αdvg
= 0.

Then, the proof of (2.24) reduces to the proof that for δ̂ > 0 small, there exists
C > 0, independent of α, such that∫

M\Bx0 (δ̂)

|∇uα|2dvg ≤ C
∫
M

u2
αdvg.(2.27)
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As above, let 0 ≤ η ≤ 1 be a smooth function such that η = 1 in M\Bx0(δ̂) and
η = 0 in Bx0(δ̂/2). Multiplying (2.1) by η2uα and integrating over M , we get that∫

M

η2|∇uα|2dvg + 2
∫
M

ηuα (∇η∇uα) dvg ≤ λα
∫
M

η2u2?

α dvg.

Therefore,∫
M

η2|∇uα|2dvg ≤ C

∫
M

|η∇uα|uαdvg + λα

∫
M

η2u2?

α dvg

≤ C

√∫
M

u2
αdvg

√∫
M

η2|∇uα|2dvg + λα

∫
M

η2u2?

α dvg

and we get that∫
M
η2|∇uα|2dvg∫
M
u2
αdvg

≤ C
√∫

M
η2|∇uα|2dvg∫
M
u2
αdvg

+ λα

∫
M
η2u2?

α dvg∫
M
u2
αdvg

.

Here again, by (2.6),

lim
α→+∞

∫
M ηu2?

α dvg∫
M
u2
αdvg

= 0

so that

lim sup
α→+∞

∫
M
η2|∇uα|2dvg∫
M u2

αdvg
≤ C2.

In particular, (2.27) holds, and this completes the proof of (2.24).

At last, we claim that the following estimate holds:
Estimate 5. If α0 < +∞ and n ≥ 4, then, for any δ > 0,

lim
α→α0

∫
M\Bx0 (δ)

u2
αdvg∫

M u2
αdvg

= 0.(2.28)

In other words, L2-concentration holds for uα in dimension n ≥ 4 when α0 < +∞.

Proof of Estimate 5. We clearly have that∫
M\Bx0 (δ)

u2
αdvg =

∫
M\Bx0 (δ)

Σαu2
αdvg.

Then, by the Moser iterative scheme (see the beginning of this section) and by
(2.6), ∫

M\Bx0 (δ)

u2
αdvg ≤ C

∫
M

Σαdvg

(∫
M

uαdvg

)2

where C > 0 is independent of α. By (2.2), and (2.4), we then get that∫
M\Bx0 (δ)

u2
αdvg ≤ C

∫
M

uαdvg

∫
M

u2?−1
α dvg

and hence that ∫
M\Bx0 (δ)

u2
αdvg ≤ C

√∫
M

u2
αdvg

∫
M

u2?−1
α dvg(2.29)
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where C > 0 is independent of α. First, we suppose that n ≥ 6. Then 2? − 1 ≤ 2,
and we get by Hölder’s inequalities that∫

M

u2?−1
α dvg ≤ V

3−2?
2

g

(∫
M

u2
αdvg

) 2?−1
2

where Vg is the volume of M with respect to g. Coming back to (2.29) gives∫
M\Bδ

u2
αdvg ≤ C

(∫
M

u2
αdvg

) 2?
2

.

Since 2? > 2, and ‖uα‖2 → 0, we get that (2.28) holds when n ≥ 6. Now we
suppose that n = 5. Then 2 ≤ 2?−1 ≤ 2?, and we get by Hölder’s inequalities that(∫

M

u2?−1
α dvg

) 1
2?−1

≤
(∫

M

u2
αdvg

) s
2
(∫

M

u2?

α dvg

) 1−s
2?

where

s =
1

2?−1 −
1
2?

1
2 −

1
2?

=
3

2(2? − 1)
.

Coming back to (2.29), and since ‖uα‖2? = 1, we get that∫
M\Bδ

u2
αdvg ≤ C

(∫
M

u2
αdvg

) 5
4

.

Here again, ‖uα‖2 → 0. This proves (2.28) when n = 5. At last, we suppose that
n = 4. Then, 2? = 4. We have that∫

M u3
αdvg√∫

M u2
αdvg

≤ ‖uα‖L∞(M\Bxα (δ))

√∫
M

u2
αdvg +

∫
Bxα (δ) u

3
αdvg√∫

Bxα (δ)
u2
αdvg

≤ εα +

∫
B0(δµ−1

α ) ũ
3
αdvg̃α√∫

B0(δµ−1
α )

ũ2
αdvg̃α

where εα → 0 as α→ α0. For any R > 0, we get by the Cauchy-Schwarz inequality
and (2.8) that∫

B0(δµ−1
α )

ũ3
αdvg̃α ≤

∫
B0(R)

ũ3
αdvg̃α + εR

√∫
B0(δµ−1

α )

ũ2
αdvg̃α

where εR → 0 as R→ +∞. It follows from these equations and (2.11) that for any
R > 0,

lim sup
α→α0

∫
M
u3
αdvg√∫

M
u2
αdvg

≤ εR +

∫
Rn ũ

3dx√∫
B0(R)

ũ2dx

where ũ is as in (2.13). Noting that

lim
R→+∞

∫
B0(R)

ũ2dx = +∞

when n = 4, this proves (2.28) when n = 4.
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3. Proof of Theorem 1

Suppose first that (1.3) is not valid. Let α0 = +∞. Then, for any α ∈ (0, α0),

inf
H2

1 (M)\{0}
Iα(u) <

1
K2
n

where Iα is as in Section 1. Suppose now that (1.3) is valid and let α0 = B(g)K−2
n .

By the definition of B(g), for any α ∈ (0, α0),

inf
H2

1 (M)\{0}
Iα(u) <

1
K2
n

.

By Section 1 we get in both cases that there exist uα ∈ H2
1 (M) and Σα ∈ L∞(M),

0 ≤ Σα ≤ 1, such that for a sequence (α), α < α0, converging to α0,

∆guα + α

(∫
M

uαdvg

)
Σα = λαu

2?−1
α(3.1)

and ∫
M

u2?

α dvg = 1(3.2)

where λα < K−2
n is the infimum of Iα. Moreover, Σαϕ = ϕ for any ϕ ∈ H2

1 (M)
such that |ϕ| ≤ Cuα for some constant C > 0. As already mentioned in Section 2,
if α0 = +∞, we necessarily have that

lim
α→α0

∫
M

u2
αdvg = 0.(3.3)

On the other hand, let us assume that α0 = B(g)K−2
n and that (3.3) does not hold.

Then, up to a subsequence, uα ⇀ u in H2
1 (M) and uα → u in L2(M) as α → α0,

where u ∈ H2
1 (M), u 6≡ 0. Up to another subsequence, we may also assume that

λα → λ as α → α0. We claim that u is an extremal function for (1.4). Indeed,
since 0 ≤ Σα ≤ 1,

lim
α→α0

∫
M

Σα (uα − u) dvg = 0

and we also have that
∫
M Σαuαdvg =

∫
M uαdvg and

∫
M uαdvg →

∫
M udvg as

α→ α0. It follows that

lim
α→α0

∫
M

Σαudvg =
∫
M

udvg.

Multiplying (3.1) by u, integrating over M , and passing to the limit as α→ α0, we
then get that ∫

M

|∇u|2dvg + α0

(∫
M

udvg

)2

= λ

∫
M

u2?dvg.

Hence,

1
K2
n

≤
∫
M
|∇u|2dvg + α0

(∫
M
udvg

)2(∫
M
u2?dvg

)2/2? ≤ λ
(∫

M

u2?dvg

)1− 2
2?

.(3.4)

Since λ ≤ K−2
n and ∫

M

u2?dvg ≤ 1 = lim inf
α→α0

∫
M

u2?

α dvg
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it follows from (3.4) that λ = K−2
n and ‖u‖2? = 1. In particular, u is an extremal

function for (1.4), and the above claim is proved. Summarizing, the proof of The-
orem 1 reduces to the proof that (3.3) is impossible. We proceed by contradiction,
and assume that (3.3) holds. Then the estimates 1 to 5 of Section 2 hold also. For
δ > 0 small, and x ∈ B0(δ), we set

gα(x) = exp?xα g(x) and vα(x) = uα
(
expxα(x)

)
.

We also let η be a smooth cut-off function such that η = 1 in B0(δ/2), η = 0 in
Rn\B0(δ), |∇η| ≤ Cδ−1, and |∇2η| ≤ Cδ−2, where, as in what follows, C > 0 is a
constant independent of α and δ. By the definition of Kn,(∫

B0(δ)

(ηvα)2?
dx

) 2
2?

≤ K2
n

∫
B0(δ)

|∇ (ηvα) |2dx.(3.5)

We have that∫
B0(δ)

|∇(ηvα)|2dx ≤
∫
B0(δ)

η2vα∆vαdx+ Cδ−2

∫
B0(δ)\B0(δ/2)

v2
αdx

and

∆vα = ∆gαvα + (gijα − δij)∂ijvα − gijα Γ(gα)kij∂kvα

where ∆ is the Euclidean Laplacian, δij is the Kronecker symbol, and the Γ(gα)kij ’s
are the Christoffel symbols of the Levi-Civita connection with respect to gα. Hence,∫

B0(δ)

|∇(ηvα)|2dx ≤
∫
B0(δ)

η2vα∆gαvαdx + Cδ−2

∫
B0(δ)\B0(δ/2)

v2
αdx

+
∫
B0(δ)

η2vα(gijα − δij)∂ijvαdx−
∫
B0(δ)

η2vαg
ij
α Γ(gα)kij∂kvαdx.

Integrating by parts, and thanks to (3.1), we then get that∫
B0(δ)

|∇(ηvα)|2dx ≤ 1
K2
n

∫
B0(δ)

η2v2?

α dx− α
∫
M

uαdvg

∫
B0(δ)

η2vαdx

+Cδ−2

∫
B0(δ)\B0(δ/2)

v2
αdx −

∫
B0(δ)

η2(gijα − δij)∂ivα∂jvαdx

+
1
2

∫
B0(δ)

(
∂k(gijα Γ(gα)kij) + ∂ijg

ij
α

)
η2v2

αdx.

By (3.5), this implies in particular that

0 ≤
∫
B0(δ)

η2v2?

α dx−
(∫

B0(δ)

(ηvα)2?dx

) 2
2?

+
1
2
K2
n

∫
B0(δ)

(
∂k(gijα Γ(gα)kij) + ∂ijg

ij
α

)
η2v2

αdx

−K2
n

∫
B0(δ)

η2(gijα − δij)∂ivα∂jvαdx+ Cδ−2

∫
B0(δ)\B0(δ/2)

v2
αdx.

(3.6)

Now, we may proceed as in Djadli and Druet [4]. By (2.24) and (2.28),

lim
α→α0

∫
B0(δ)\B0(δ/2)

v2
αdx∫

B0(δ) v
2
αdx

= 0.(3.7)
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Similarly, since xα → x0 as α→ α0, the Cartan expansion of g gives that

lim
α→α0

(
∂k(gijα Γ(gα)kij) + ∂ijg

ij
α

)
(0) =

1
3
Sg(x0)

where Sg is the scalar curvature of g. By (2.24) and (2.28) we then get that

lim sup
α→α0

∫
B0(δ)

(
∂k(gijα Γ(gα)kij) + ∂ijg

ij
α

)
η2v2

αdx∫
B0(δ)

v2
αdx

=
1
3
Sg(x0) + εδ(3.8)

where εδ → 0 as δ → 0. Independently, we claim that when Sg(x0) ≤ 0,

lim sup
α→α0

∫
B0(δ)

η2v2?

α dx−
(∫

B0(δ)
(ηvα)2?dx

) 2
2?∫

B0(δ)
v2
αdx

≤ εδ(3.9)

where εδ → 0 as δ → 0. By Hölder’s inequalities we indeed do have that∫
B0(δ)

η2v2?

α dx−
(∫

B0(δ)

(ηvα)2?dx

) 2
2?

≤

(∫
B0(δ)

v2?

α dx

)(2?−2)/2?

− 1

(∫
B0(δ)

(ηvα)2?dx

)2/2?

and thanks to the Cartan expansion of g,

dx ≤
(

1 +
1
6
Rij(xα)xixj + C|x|3

)
dvgα

where the Rij(xα)’s are the components of the Ricci curvature at xα in the expo-
nential chart. It follows from these equations that∫

B0(δ)

η2v2?

α dx−
(∫

B0(δ)

(ηvα)2?dx

) 2
2?

≤
(

1 + εδ
3n

Xα + εδ

∫
B0(δ)

|x|2v2?

α dvgα

)(∫
B0(δ)

(ηvα)2?dx

)2/2?

where

Xα = Rij(xα)
∫
B0(δ)

xixjv2?

α dvgα .

By (2.14) we have that∫
B0(δ)

|x|2v2?

α dvgα ≤ C
∫
B0(δ)

v2
αdvgα

and by (2.23) we have that for any R > 0,

Rij(xα)
∫
B0(δ)\B0(Rµα)

xixjv2?

α dvgα ≤ εR
∫
B0(δ)

v2
αdvgα

where εR → 0 as R→ +∞. Noting that

Rij(xα)
∫
B0(Rµα)

xixjv2?

α dvgα∫
B0(δ) v

2
αdvgα

=
Rij(xα)

∫
B0(R)

xixj ũ2?

α dvg̃α∫
B0(δµ−1

α ) ũ
2
αdvgα
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where ũα is as in the proof of Estimate 1, and that∫
B0(R)

xixj ũ2?dx =
1
n
δij
∫
B0(R)

|x|2ũ2?dx

where ũ is as in (2.13) and the δij ’s are the Kroenecker symbols, we get that

lim sup
α→α0

1+εδ
3n Xα + εδ

∫
B0(δ)

|x|2v2?

α dvgα∫
B0(δ)

v2
αdvgα

≤ εδ

when Sg(x0) ≤ 0. By (2.6) we also have that

lim
α→α0

∫
B0(δ)

(ηvα)2?dx = 1

and, combining these equations, we get (3.9). At last (we refer to Djadli and Druet
[4] for details) it can be proved with (2.23), (2.24) and (2.28) that for any R > 0,

lim sup
α→α0

∣∣∣∫B0(δ) η
2(gijα − δij)∂ivα∂jvαdx

∣∣∣∫
B0(δ) v

2
αdx

≤ εR + εδ +
C

Rn−4
lim sup
α→α0

1∫
B0(δµ−1

α ) ũ
2
αdvg̃α

where εR → 0 as R→ +∞, εδ → 0 as δ → 0, and ũα is as in the proof of estimate
1. Noting that by (2.11) and (2.12),

lim inf
α→α0

∫
B0(δµ−1

α )

ũ2
αdvg̃α ≥

∫
B0(R̃)

ũ2dx

for any R̃ > 0, where ũ is as in (2.13), and that if n = 4,

lim
R̃→+∞

∫
B0(R̃)

ũ2dx = +∞

it follows that

lim sup
α→α0

∫
B0(δ)

η2(gijα − δij)∂ivα∂jvαdx∫
B0(δ)

v2
αdx

= εδ(3.10)

where εδ → 0 as δ → 0. Combining (3.6)-(3.10) we then get that

1
6
K2
nSg(x0) + εδ ≥ 0(3.11)

where εδ → 0 as δ → 0. Since Sg(x0) < 0, (3.11) is impossible, and the contradiction
follows. As already mentioned, this proves Theorem 1.

4. Proof of Theorem 2

We start with the proof that (1.3) is valid if Sg ≤ 0 and g is conformally flat.
Let α be a sequence of positive real numbers converging to +∞. We assume by
contradiction that for any α in the sequence,

inf
H2

1 (M)\{0}
Iα(u) <

1
K2
n

(4.1)
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where Iα is as in Section 1. Thanks to Section 1, we get that there exist uα ∈ H2
1 (M)

and Σα ∈ L∞(M), 0 ≤ Σα ≤ 1, such that

∆guα + α

(∫
M

uαdvg

)
Σα = λαu

2?−1
α(4.2)

and
∫
M
u2?

α dvg = 1. Moreover, Σαϕ = ϕ for any ϕ ∈ H2
1 (M) such that |ϕ| ≤ Cuα

for some constant C > 0. As already mentioned, we necessarily have that

lim
α→+∞

∫
M

u2
αdvg = 0(4.3)

and Estimates 1 to 5 of Section 2 hold. In addition to these estimates, we claim
that L1-concentration holds also for the uα’s.
Estimate 6. For any δ > 0,

lim
α→+∞

∫
M\Bx0 (δ) uαdvg∫

M
uαdvg

= 0(4.4)

where x0 is the concentration point of the sequence (uα).

Proof of Estimate 6. We let 0 ≤ η ≤ 1 be a smooth function such that η = 1 in
M\Bx0(δ) and η = 0 in Bx0(δ/2). We have that∫

M

uαdvg

∫
M\Bx0 (δ)

uαdvg ≤
∫
M

uαdvg

∫
M

ηuαdvg(4.5)

and as when proving estimate 4, we get by the Moser iterative scheme that∫
M

uαdvg

∫
M

ηuαdvg =
1
α

∫
M

ηuα

(
λαu

2?−1
α −∆guα

)
dvg

≤ 1
α
λα

∫
M

ηu2?

α dvg +
1
α

∫
M

|(∇η∇uα)|uαdvg

≤ εα
(∫

M

uαdvg

)2

+
C

α
Xα

∫
M

uαdvg

(4.6)

where εα → 0 as α→ +∞, C > 0 is independent of α, and

Xα =

√∫
M\Bx0 (δ/2)

|∇uα|2dvg.

The proof of (4.4) then reduces to the proof that for δ̂ > 0 small, there exists C > 0,
independent of α, such that∫

M\Bx0 (δ̂)

|∇uα|2dvg ≤ C
(∫

M

uαdvg

)2

.(4.7)

As above, let 0 ≤ η ≤ 1 be a smooth function such that η = 1 in M\Bx0(δ̂) and
η = 0 in Bx0(δ̂/2). Multiplying (4.2) by η2uα and integrating over M , we get that∫

M

η2|∇uα|2dvg + 2
∫
M

ηuα (∇η∇uα) dvg ≤ λα
∫
M

η2u2?

α dvg.
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Therefore, by the Moser iterative scheme,∫
M

η2|∇uα|2dvg ≤ C

∫
M

|η∇uα|uαdvg + λα

∫
M

η2u2?

α dvg

≤ C

∫
M

uαdvg

√∫
M

η2|∇uα|2dvg + λα

∫
M

η2u2?

α dvg

and we get that∫
M η2|∇uα|2dvg(∫

M uαdvg
)2 ≤ C

√√√√∫M η2|∇uα|2dvg(∫
M uαdvg

)2 + λα

∫
M η2u2?

α dvg(∫
M uαdvg

)2 .
By the Moser iterative scheme that we apply once again,

lim
α→+∞

∫
M ηu2?

α dvg(∫
M uαdvg

)2 = 0

and it follows that

lim sup
α→+∞

∫
M
η2|∇uα|2dvg(∫
M uαdvg

)2 ≤ C2.

In particular, (4.7) holds, and we get from (4.5) and (4.6) that (4.4) holds also.
This proves L1-concentration for the uα’s, and Estimate 6.

We proceed now with the proof of the first part of Theorem 2. Since (M, g) is
conformally flat, there exists ϕ ∈ C∞(M), ϕ > 0, such that g̃ = ϕ4/(n−2)g is flat
around x0. Set vα = ϕ−1uα. By conformal invariance of the conformal Laplacian,

∆g̃vα +
(
α

∫
M

uαdvgΣα −
n− 2

4(n− 1)
Sguα

)
ϕ−

n+2
n−2 = λαv

2?−1
α .(4.8)

We let δ > 0 be such that g̃ is flat in Bx0(2δ), the ball with respect to g̃ of center
x0 and radius 2δ, and we assimilate Bx0(2δ) and g with B0(2δ) and ξ, where ξ is
the Euclidean metric. We also let 0 ≤ η ≤ 1 be a smooth cut-off function such that
η = 1 in B0(δ/2) and η = 1 in Rn\B0(δ). By the defintion of Kn,(∫

B0(δ)

(ηvα)2?
dx

) 2
2?

≤ K2
n

∫
B0(δ)

|∇ (ηvα) |2dx(4.9)

and we have that∫
B0(δ)

|∇(ηvα)|2dx ≤
∫
B0(δ)

η2vα∆vαdx+ C

∫
B0(δ)\B0(δ/2)

v2
αdx

where C > 0 is independent of α. Hence, by (4.8), (4.9), and since Sg ≤ 0,(∫
B0(δ)

(ηvα)2? dx

) 2
2?

+ αK2
n

∫
M

uαdvg

∫
B0(δ)

η2ϕ−2?uαdx

≤ λαK2
n

∫
B0(δ)

η2v2?

α dx+ C

∫
B0(δ)\B0(δ/2)

v2
αdx.

(4.10)
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On the one hand, λαK2
n ≤ 1. On the other hand, it follows from Hölder’s inequali-

ties that ∫
B0(δ)

η2v2?

α dx−
(∫

B0(δ)

(ηvα)2?
dx

) 2
2?

≤

(∫
B0(δ)

v2?

α dx

)1− 2
2?

− 1

(∫
B0(δ)

(ηvα)2?dx

) 2
2?

.

Moreover, ∫
B0(δ)

v2?

α dx =
∫
Bx0 (δ)

u2?

α ϕ
−2?dvg̃ ≤

∫
M

u2?

α dvg = 1

and it follows that

λαK
2
n

∫
B0(δ)

η2v2?

α dx−
(∫

B0(δ)

(ηvα)2?
dx

) 2
2?

≤ 0.

Coming back to (4.10), we then get that

αK2
n

∫
M

uαdvg

∫
B0(δ)

η2ϕ−2?uαdx ≤ C
∫
B0(δ)\B0(δ/2)

v2
αdx.(4.11)

We have that ∫
B0(δ)

η2ϕ−2?uαdx ≥
∫
Bx0 (δ̂)

uαdvg

for some δ̂ > 0 small, and by the Moser iterative scheme, there exists C > 0,
independent of α, such that for δ̂ > 0 sufficiently small,∫

B0(δ)\B0(δ/2)

v2
αdx ≤ C

∫
M

uαdvg

∫
M\Bx0 (δ̂)

uαdvg.

By (4.11) we then get that

αK2
n ≤ C

∫
M\Bx0 (δ̂)

uαdvg∫
Bx0(δ̂) uαdvg

(4.12)

while by (4.4), the right-hand side of (4.12) goes to 0 as α→ +∞. A contradiction,
so that (1.3) is true if (M, g) is conformally flat and the scalar curvature of g is
nonpositive. The first part of Theorem 2 is proved.

We prove now the second part of Theorem 2, namely that (1.3) is not valid if
n ≥ 6 and g is scalar flat in an open neighbourhood of one nonconformally flat
point. We let Wg be the Weyl tensor of g, and Rcg be the Ricci curvature of g.
By assumption, there exists x ∈M such that Wg(x) 6≡ 0 and Sg ≡ 0 in Bx(δ0) for
some δ0 > 0. We let g̃ be a conformal metric to g such that Rcg̃(x) ≡ 0. We also
let δ > 0 be such that Bx(δ) with respect to g̃ is a subset of Bx(δ0) with respect
to g. Since the Weyl curvature tensor is a conformal invariant, Wg̃(x) 6≡ 0. Given
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B > 0, it follows from the conformal invariance of the conformal Laplacian that

inf
u∈H2

1 (M)\{0}

∫
M |∇u|

2dvg +B
(∫
M |u|dvg

)2(∫
M |u|2

?dvg
)2/2?

≤ inf
u∈H

∫
M
|∇u|2dvg̃ + n−2

4(n−1)

∫
M
Sg̃u

2dvg̃ + B̂
(∫
M
|u|dvg̃

)2(∫
M
|u|2?dvg̃

)2/2?
where B̂ > 0, and H consists of the nonzero functions u ∈ H2

1 (M) which are such
that Suppu ⊂ Bx(δ). For ε > 0, we define

uε =
(
ε+ r2

)1−n2 − (ε+ δ2
)1−n2 if r ≤ δ,

uε = 0 otherwise,

where r = dg̃(x, .). Then, ∫
M

uεdvg̃ ≤ C

where C > 0 is independent of ε, and it follows from the computations in Aubin
[1] that for any B̂ > 0,∫

M
|∇uε|2dvg̃ + n−2

4(n−1)

∫
M
Sg̃u

2
εdvg̃ + B̂

(∫
M
|uε|dvg̃

)2(∫
M
|uε|2?dvg̃

)2/2?
≤ 1
K2
n

(
1− C1|Wg̃(x)|2ε2 + o

(
ε2
))

if n > 6

≤ 1
K2

6

(
1 + C2|Wg̃(x)|2ε2 ln ε+ o

(
ε2 ln ε

))
if n = 6

where C1 and C2 are explicit positive constants which do not depend on ε. Hence,
for any B > 0,

inf
u∈H2

1 (M)\{0}

∫
M |∇u|

2dvg +B
(∫
M |u|dvg

)2(∫
M |u|2

?dvg
)2/2? <

1
K2
n

and this proves that if n ≥ 6 and g is scalar flat in an open neighbourhood of one
nonconformally flat point, then inequality (1.3) is not valid. This ends the proof of
Theorem 2.
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