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SHARP SOBOLEV-POINCARE INEQUALITIES
ON COMPACT RIEMANNIAN MANIFOLDS

EMMANUEL HEBEY

ABSTRACT. Given (M, g) a smooth compact Riemannian n-manifold, n > 3,
we return in this article to the study of the sharp Sobolev-Poincaré type in-
equality

(0.1) lull3e < K211Vl + Blul?

where 2* = 2n/(n — 2) is the critical Sobolev exponent, and K, is the sharp
Euclidean Sobolev constant. Druet, Hebey and Vaugon proved that (0.1) is
true if n = 3, that (0.1) is true if n > 4 and the sectional curvature of g is
a nonpositive constant, or the Cartan-Hadamard conjecture in dimension n is
true and the sectional curvature of g is nonpositive, but that (0.1) is false if
n > 4 and the scalar curvature of g is positive somewhere. When (0.1) is true,
we define B(g) as the smallest B in (0.1). The saturated form of (0.1) reads
as

(0.2) l[ull3+ < K2 [IVull3 + B(g)lullf.

We assume in this article that n > 4, and complete the study by Druet, Hebey
and Vaugon of the sharp Sobolev-Poincaré inequality (0.1). We prove that (0.1)
is true, and that (0.2) possesses extremal functions when the scalar curvature
of g is negative. A fairly complete answer to the question of the validity of (0.1)
under the assumption that the scalar curvature is not necessarily negative, but
only nonpositive, is also given.

Let (M,g) be a smooth compact Riemannian n-dimensional manifold, n > 3,
and HZ(M) be the Sobolev space defined as the completion of C°° (M) with respect

to
||u||fq%=/ |Vu|2dvg+/ u?dv,.
M M

Also let K,, be the best constant K in the Euclidean Sobolev inequality

1

(/ |u|2*da:> <K (/ |Vu|2da:>
2n

where 2 = =% is the critical Sobolev exponent. It is well known that
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1194 EMMANUEL HEBEY

where w,, is the volume of the unit sphere S™ of R"*!. By the Sobolev-Poincaré
inequality, there exists A, B > 0, such that for any u € HZ(M),

2/2* 2
(1.1) (/ || dvg> < A/ |Vul|?dv, + B (/ |u|dvg) .
M M M

Basic arguments as in the proof of proposition 4.5 of Hebey [10] lead to the following:
any constant A in (1.1) is such that A > K2, and for any ¢ > 0, there exists B. > 0
such that for any u € HZ(M),

2/2*
(1.2) (/ |u|2*dvg) g(K3+e)/ Vul?dv, + B. (/ |u|dvg)
M M M

It follows that the best constant A in (1.1) is A = K2. In this article we consider
the sharp inequality

2/2* 2
(1.3) (/ |u|2*dvg) gKg/ |Vul?dv, + B </ |u|dvg>
M M M

where v € H?(M) and B > 0 is independent of u. We say that (1.3) is valid if
there exists B such that (1.3) holds for all u € H?(M). Concerning the terminol-
ogy, a Cartan-Hadamard n-dimensional manifold is a complete simply-connected
n-dimensional Riemannian manifold of nonpositive sectional curvature. We then
refer to the n-dimensional Cartan-Hadamard conjecture as follows: given (M, §)
a Cartan-Hadamard n-dimensional manifold, and €2 a smooth bounded domain in

M, we ask for the inequality

2

Areag(09Q) . (wn,l)%

Volg(Q)n=1/n = n

that is the value one gets for the above ratio in the Euclidean n-dimensional space
when € is a ball. Such a conjecture is true for n = 2 thanks to Weil [I4], for n = 3
thanks to Kleiner [I2], and for n = 4 thanks to Croke [3]. The following assertions
were proved by Druet, Hebey and Vaugon [7]: given (M, g) a compact Riemannian
manifold of dimension n > 3,

1. If n = 3, then (1.3) is valid without any assumption on the manifold.

2. If n > 4 and the sectional curvature of g is a nonpositive constant, or the
Cartan-Hadamard conjecture in dimension n is true and the sectional curvature of
g is nonpositive, then (1.3) is valid.

3. If n > 4 and the scalar curvature of g is positive somewhere, then (1.3) is not
valid.

In particular, since the Cartan-Hadamard conjecture is true in dimension 4, it
follows from these assertions that inequality (1.3) when n = 4 is not valid if the
scalar curvature of g is positive somewhere, but valid if the sectional curvature of g
is nonpositive. Assume now that (1.3) is valid. Then there exists B > 0 such that
for any u € HZ(M),

2/2* 2
</ |u|? dvg) < Kfl/ |Vu|?dv, + B (/ |u|dvg> .
M M M
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We define B(g) as the smallest B in this inequality. It is easily seen that for any
u € HY (M),

2/2* 2
g ([ wa) < w2 [ a5 ( [ i)
M M M

n

and taking v = 1, we see that B(g) >V, ™ where Vj is the volume of M with
respect to g. We say that u € HZ(M), u # 0, is an extremal function for (1.4)
if u realizes the equality in (1.4). Natural questions we address in this article
are whether or not (1.3) is valid when the scalar curvature of g is negative, and
whether or not (1.4) possesses extremal functions in this situation. We already
know by Druet, Hebey and Vaugon [7] that (1.3) is valid in dimension 3 without
any sign assumption on the curvature. When n > 4, we answer the above two
questions in the following theorem:

Theorem 1. Let (M,g) be a compact Riemannian manifold of dimension n > 4
and negative scalar curvature. Then inequality (1.3) is valid. Moreover, inequality
(1.4) possesses extremal functions.

Concerning the validity of (1.3), and combining this theorem with what was
proved by Druet, Hebey and Vaugon [7], it follows that (1.3) is true when n = 3
without any assumptions on the sign of the curvature, and that when n > 4, (1.3)
is true if the scalar curvature of g is negative, but false if the scalar curvature of
g is positive somewhere. Then, a natural question is whether or not (1.3) is valid
if the scalar curvature of g is nonpositive. Following standard terminology, we say
that ¢ is conformally flat if conformal changes of g induce local isometries with
the Euclidean space. When n > 4, a necessary condition is that W, = 0, where
Wy is the Weyl curvature tensor of g. When g is not conformally flat, we refer
to nonconformally flat points = as points where Wy(xz) # 0. A fairly complete
answer to the question of whether or not (1.3) is valid if the scalar curvature of g
is nonpositive is given by the following theorem:

Theorem 2. Let (M, g) be a compact Riemannian n-manifold of nonpositive scalar
curvature, n > 3. If g is conformally flat, then inequality (1.3) is valid. Conversely,
assume n > 6 and g is not conformally flat. If g is scalar flat in an open neigh-
bourhood of one nonconformally flat point, then (1.3) is not valid.

In particular, it follows from the second assertion of the theorem that if n > 6,
g is scalar flat, and not conformally flat, then (1.3) is not valid. Possible general
references for more information on the study of sharp inequalities of Sobolev type
are Druet-Hebey [6] and Hebey [I0]. Sections 1, 2, and 3 of this article are devoted
to the proof of Theorem 1. Section 4 is devoted to the proof of Theorem 2.

1. THE PDE ASPECT OF THE PROBLEM

Let « be a sequence of positive real numbers converging to some «g € (0, 400].
We assume that for any « in the sequence,

1
1.1 inf I, < —==
(L1 HE M\ (0} (®) K2

where I,, is the functional defined on HZ(M)\{0} by

[Vull3 + ofjull?
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We claim that (1.1) implies the existence of a nonnegative minimizer u, € HZ(M)
for
= inf  I,(u).
HE(M)\{0}
We proceed as in Druet, Hebey and Vaugon [7]. For ¢ < 2*, let 6, > 1 be such that
04 goes to 1 as g goes to 2*. We fix o > 0 and for ¢ < 2* we let

IVull3 + olull3,

(1.2 Ag = _in
) T m )\ o} w2

The embedding of HZ(M) in LY(M) being compact, and since the above functional
is homogeneous, there exists a nonnegative minimizer u4 for A, such that ||uyllq = 1.
Clearly, u, is a weak solution of

21

0,

(1.3) Agug + « (/M uquvg) a ufe ™t = Agud™!

where A, stands for the Laplacian with respect to g. It is easily checked that, up to
a subsequence, we may assume that for some A, < A, the sequence (A\,) goes to AL,
as ¢ goes to 2*. Noting that (u,) is bounded in H7 (M), there exists u, € HZ (M)
such that, up to a subsequence, (u,) converges weakly to u, in H(M), strongly to
uq in L2(M), and almost everywhere. Moreover, one can assume that

ugfl —u2 ' in ¥ (M)

where 2% = 2n/(n + 2) is the conjugate exponent of 2*. By (1.2), and since for any
g > 0 there exists B, such that for any u € HE(M),

lull3- < (K7 + ) | Vull + Be|Jull}

one has that u, # 0. This is by now standard. Let g, = 6, — 1. Clearly, (ug?) is
bounded in LP(M) for any p > 1. On such an assertion, just note that for ¢ > 1,

1/p €q/2 1_€q
(1.4) (/ u{l’Edeg> < (/ ugdvg> Vo ?
M M

where V; is the volume of M with respect to g. Since LP-spaces are reflexive
for p > 1, there exists ¥, € [ o, LP(M) such that for any p > 1, and up to a
subsequence,

p>1

ug? = X, in LP(M).
Passing to the limit as ¢ goes to 2* in (1.4), one gets that for any p > 1,
IZallp < V7.

As an easy consequence, X, € L>®(M) and 0 < ¥, < 1. Another easy claim is
that X, = ¢ for any ¢ € H?(M) having the property that |¢| < Cu, on M for
some constant C' > 0. By passing to the limit in (1.3), one gets that u,, is a weak
solution of

(1.5) Agug + (/M uadvg) Yo = Au? 7L

Clearly, ||uqa|l2+ < 1. Mutiplying (1.5) by u, and integrating over M gives

all2 alll _ yr 2% —2
[Vealld + alluallt _ 0,
lual3- — allfedlr
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This implies that ||uq|l2+ = 1 and that A, = A,. In particular, u, is a minimizer
for Ay, and the above claim is proved. Summarizing, let o be a sequence of positive
real numbers converging to some ag € (0,400], and assume that for any « in the
sequence,

Ao = inf  I.(u) < —
HZ(M)\{0} () K2

where I,, is as above. Then there exists u, € HZ(M), uo > 0 and u, # 0, such

that
Agua + </ uadvg) Yo = )\au?;*l
M

and fM ui*dvg =1, where X, € L>°(M) is such that 0 < 3, <1 and X, = ¢ for
any ¢ € H(M) such that |¢| < Cu, for some constant C' > 0.
2. BLow up AND PDE ESTIMATES

Let « be a sequence of positive real numbers converging to some ag € (0, 400].
We assume that for any « in the sequence,

1
inf I, (u) < —
H2(M)\ {0} ) K2

n

where I,, is as in Section 1. Thanks to Section 1, we get that there exist u, € HZ(M)
and X, € L>®(M), 0 < X, <1, such that

(2.1) Aguq + </M uadvg) Yo = )\aui*_1

and [, u2 dv, = 1. Moreover, S, = ¢ for any ¢ € H(M) such that |p| < Cu,
for some constant C' > 0, and we have that

(2.2) a/ uadvg/ Yadyg :)\a/ ui*_ldvg.
M M M

Let u € HZ(M), u > 0, be such that for any nonnegative o € HZ(M),

/ (VuV(p)dng/ u? "Lodu,
M M

where (VuV) is the pointwise scalar product with respect to g of Vu and V.
We know from PDE theory and the Moser iterative scheme that v € L (M), with
the additional property that for any x in M, any A > 0, any p > 0, and any q > 2*,
there exists § > 0 such that if
/ uldvg <A,
B (26)

then

1/p
sup u(y) < C / uPdu,
yEB2 () B (26)

where C' > 0 does not depend on u. It follows that u, € L®(M). In particular,
uo € HY(M) for any p > 1, and it follows from (2.1) that u, is actually in C1* for
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any XA € (0,1). As another remark, the sequence (u,) is bounded in HZ(M). We
assume in what follows that

(2.3) lim udv, = 0.

R ¥

This is automatically the case if ag = +o00. Multiplying (2.1) by u,, and integrating
over M, we get indeed that

IVuall3 + allualli = Aa.

As a consequence, ||uy|l1 — 0 as o — 400, and by Holder’s inequality, since u,, is
of norm 1 in L?", this implies that ||ua|l2 — 0 as a — +oco. By Hebey-Vaugon [IT],
there exists B € R such that for any u € HZ (M),

2/2*
(/ |u|2*dvg> SK,QZ/ |Vu|2dvg—|—B/ u?dv,.
M M M

Taking u = u,, in this inequality, we get that
1<\ K2+ B/ u?dv,
M
and it follows from this inequality and (2.3) that
(2.4) lim A\, = —

Similarly,

2
1- B/ uZdv, < K,%/ Ve |?dvy = K2\, — Ko (/ uadvg>
M M M

and it follows that

2
(2.5) lim « (/ uadvg> = 0.
a—ag M

Define now a concentration point x for (u,) by the property that for any 6 > 0,
lim sup/ u?’ dvy > 0.
a—ao  J By (5)
As in Druet, Hebey and Vaugon [7], (u,) has, up to a subsequence, one and only
one concentration point xg. One may then assume that for any J > 0,
lim u? dv, =1
@0 J By (8)

and we have that

(2.6) g — 0 in O (M\{z0})
as « goes to ag. We let z, € M and u, € R be such that
_n=2
ua(xa) - Hua”oo = Ua 2

According to what we just said, o, — x¢ and pq — 0 as @ — ag. By (2.5), noting
that

* *_
L= fualls: < uallZ™ luall
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we get that

n+2
(2.7) lim oue? / Uadvg = 0.
M

a—rQaQ

Taking inspiration from different works developed by Druet (see Druet [5], Druet
and Robert [§], and Druet and Hebey [6] for an overview), we prove in this section
several estimates for the u,’s. Theorem 1 follows from these estimates as explained
in the next section. As a first estimate, we claim that the following holds:
EsTiMATE 1. For any R > 0,

(2.8) lim w2 dvy =1—¢p
a0 Bg,, (R/‘a)

where g > 0 is such that eg — 0 as R — +o0.

Proof of Estimate 1. We let exp, be the exponential map at z,. There clearly
exists 0 > 0, independent of «, such that for any «, exp,  is a diffeomorphism from
Bo(8) C R™ onto B, (d). For € By(u,16), we set

n—2

do(@) = (exp}, 9) (Hat), Ua(r) = pia® o (exp,, (Hat))

and ¥, (z) = X, (exp,, (tta®)). It is easily seen that

(2.9) Ag, o + cm;;r2 </M uadvg> Yo = )\aﬂi**l.
Moreover,

(2.10) U6 (0) = ||talleo =1

and if £ stands for the Euclidean metric of R™,

(2.11) Jim go=¢ in C*(K)

for any compact subset K of R™. Thanks to (2.7) and (2.9)-(2.11), we get by
standard elliptic theory, as developed in Gilbarg-Trudinger [9], that there exists
some @ € C*(R™) such that for any compact subset K of R",

(2.12) lim i, =4 in CY(K).

a—agp

Clearly, @(0) = 1 and @ # 0. Moreover, it is easily seen that @ € Hg | (R™), where
Hgﬁl(R”) is the homogeneous Euclidean Sobolev space of order two for integration
and order one for differentiation. By passing to the limit as « goes to «q in (2.9),
according to (2.4), (2.7), (2.11), and (2.12), we get that @ is a solution of

~ 1 ~2%—1

By Caffarelli-Gidas-Spruck [2], and also Obata [13],

1
2.1 i = ——
(2.13) i) (1 +A|x|2)
where A™1 = n(n — 2)K2, since @(0) = ||i]lcc = 1 by (2.10) and (2.12). Noting

n’

that @ is of norm 1 in L2" (R™), and that for any R > 0,

/ uf‘:dvg :/ ﬁ?;dvgu,
By (Rua) Bo(R)

n—2
2

To
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we get that

lim ui*dvg =1- / a* da.
@7 J By, (Rpta) R"\Bo(R)
This proves (2.8). O

We now claim that the following estimate holds:
ESTIMATE 2. There exists C' > 0, such that for any «, and any x,
(2.14) dg(Ta, )2 tuy(z) < C
where dg is the distance with respect to g.
Proof of Estimate 2. We set
Va(z) = dg(xa,x)%flua(x)
and assume by contradiction that for some subsequence,

(2.15) lim [|valleo = +o0.
0

a—

Let y, be some point in M where v, is maximum. By (2.6), yo, — %o as a — a,
while by (2.15),

dg(Ta, Yo
(2.16) lim %2(%a:Ya)

azao o

= +o0.

Fix now ¢ > 0 small, and set

Qo = ta(ya) "2 exp, ! (B, (9)) .
For = € Q,, define

(@) = ta(ya) " tta (exp,, (ta(ya) 772))
and
ha() = (exp;, 9) (ualye) 7 22).

It easily follows from (2.15), since M is compact, that u,(ys) — +00 as o — ap.
Hence,

(2.17) lim hy, =¢ in C? (Bo(2))

a—agp

where £ is the Euclidean metric. Independently, we have that
(2.18) A, B < Aa@2 7L
Since v, (Ya) goes to +o0, for a close to ap, and all z € By(2),
(2.19) dg (ma,expya (ua(ya)_n%m)) > %dg(ma,ya).
This implies that
Ba@) < 287y (0, ) B ua(ya) " va (exp, (ta(yn) 7))

< 2%_1dg($ozay(y)l_%ua(ya)_lvoz(ya)
so that for a close to ayg,

(2.20) sup Ua(z) <2271
z€Bp(2)
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By (2.16) and (2.19), given R > 0, and for « close to ay,

(2.21) By, (2ua(ya) 7%) N By, (Rpa) = 0.
Noting that

/ o2 dup,, :/ o, ui*dvg
BO(Q) Bya(Qua(ya) "72)

it follows from (2.8) and (2.21) that
(2.22) lim o2 dup, = 0.
@0 By (2)
By (2.17), (2.18), (2.20), (2.22), and the Moser iterative scheme we get that

lim  sup ou(z)=0.
a—ao xeBo(l)

But 94 (0) = 1, so that (2.15) must be false. This proves (2.14). O
Another estimate we need, somehow similar to the preceding one, is the following

estimate:
ESTIMATE 3. Given R > 0,

(2.23) sup dg(Te, )2 ug(z) = ep(a)
2EM\ Bz, (Rita)

where d, is the distance with respect to g, and lim lim eg(a) =0.
R— 400 a—agp

Proof of Estimate 3. We set
va(2) = dg(xa,x)%flua(x)

and proceed once more by contradiction. Then there exists y, € M and ¢y > 0
such that

hm dg (LL'O” ya)

a=ao  flg

=400 and v4(Ya) > €o.

As above, we fix § > 0 small, and set
Qo = ta(ya) ™7 expy,) (Ba, ()
For z € Q,, we define
(@) = ta(ya) e (exp,, (a(ya) 77 2))
and

ho(x) = (exp;u g) (ua(ya)7%x> i

2
Once again Ap, T, < Aq2 ~!. As when proving (2.14), for any = € By(3e; ),

1
dg(xaa Za) > §dg(xou ya)
and
Ua(z) = ua(ya)_lva(za)dg(xm Za)l_%
where 2, = exp,_(uq (ya)f%x) It follows from (2.14) that

Vo (z) < 02%71551.
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Noting that for R > 0, and for « close to ay,

1 2
B (325 walon) ™+ ) 0 B () =0
we conclude as when proving (2.14) that (2.23) holds. O

Now, we claim that the following estimate holds:
ESTIMATE 4. If ag = 400, then, for any § > 0,

2
(2.24) lim Jinvm.y Madts

=0.
a—ao [, uZdvg

In other words, L?-concentration holds for u, in any dimension when oy = +o0.

Proof of Estimate 4. We let 0 < n < 1 be a smooth increasing radially symmetric
function with respect to zg such that 7 = 1 in M\ B, () and n = 0 in B, (5/2).
By the Moser iterative scheme, see the beginning of this section, and by (2.6),

(2.25) /M\B . u?dv, < Cs /M UadUg /M NUadvg
zo

where Cs > 0 is independent of «. Independently, we have by (2.1) that

1 «
(2.26) / uadvg/ Nuadvg = —/ Mg, ()\aui -1 Agua) dvg.
M M & Jm

Integrating by parts,

/ nuaAguadvg:/ 77|Vua|2dvg+/ (VnVug) uadug
M M M

where (VnVua) is the pointwise scalar product with respect to g of Vi and Vu,.
Since [(VnVua)| < |Vn||Vue|, and by Holder’s inequalities,

/ [(VnVue)| uedvg < 1/ quv / [Vue|?dug.
Bag (0)\ Bz (6/2)

Coming back to (2.25) and (2.26), we get that

1 x
6/ udv, < —a/ nuZ dv,
8 J M\Bg, (5) & Jm

1
+-— /uadvg / [Vue|?dvg.
& M M\Bq,(5/2)
oo, = [ i,
M M

it follows from (2.6) that

Noting that

lim 7fM nuz dvg

=0.
a—+00 fM uad’ug

Then, the proof of (2.24) reduces to the proof that for 5>0 small, there exists
C > 0, independent of «, such that

(2.27) / |Vug|?dv, < C/ u?dv,.
M\ Bz (8)
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As above, let 0 < 7 < 1 be a smooth function such that n = 1 in M\B,,(5) and
n =0 in By, (6/2). Multiplying (2.1) by n?u, and integrating over M, we get that

/ 7| Vua|?dvg + 2/ Nua (VNVue) dug < )\a/ nzugdvg.
M M M

Therefore,

/ n?|Vug *dv, < C/ |77Vua|uadvg+)\a/ nzu?;dvg
M M M
C / uZdvg / 772|Vu(y|2dvg+)\a/ n*u? do,
M M M
and we get that

Sy P I Vua[*dug <c S | Vual?do, \ Iy n*u2 du,
Sy uddv - Sy uddv « u2dv
M Y« g M Yo g M Y« g

Here again, by (2.6),

IN

S nu2 dv,

lim =0
a—+00 f M uadvg
so that
2 2
Vue|*d
tim sup S TV d0y 2
a——+o00 fM Ua dvg
In particular, (2.27) holds, and this completes the proof of (2.24). O

At last, we claim that the following estimate holds:
ESTIMATE 5. If g < +00 and n > 4, then, for any § > 0,

2
(2.28) lim Jinvp.y Madts

=0.
a—ao [, uZdvg

In other words, L?-concentration holds for u, in dimension n > 4 when oy < +00.

Proof of Estimate 5. We clearly have that

/ uidvg = / Eauidvg.
M\Baz (8) M\ B (6)

Then, by the Moser iterative scheme (see the beginning of this section) and by

(2.6),
2
/ uidvg < C/ Yadvg (/ uadvg)
M\ B (0) M M

where C' > 0 is independent of a. By (2.2), and (2.4), we then get that

/ uldv, < C/ uadvg/ ui**ldvg
M\Bg, (5) M M
and hence that

(2.29) / utdv, < C /uidvg/ u? ~ldu,
M\ B, (5) M M
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where C' > 0 is independent of a. First, we suppose that n > 6. Then 2* — 1 < 2,
and we get by Holder’s inequalities that

*

2 -1 2 2 =
/ uy, ~dvg <V ? / usdvg
M M

where V; is the volume of M with respect to g. Coming back to (2.29) gives

*

/ uidvg <C (/ uidvg) .
M\Bs M

Since 2* > 2, and ||ua|l2 — 0, we get that (2.28) holds when n > 6. Now we
suppose that n = 5. Then 2 < 2* —1 < 2*, and we get by Holder’s inequalities that

« 2*1—1 % N 1_’2ii
(/ ui ldvg) < </ uidvg) (/ ui dvg>
M M M

where
1 1
g To1 3 3
- 2(2* — 1)

Coming back to (2.29), and since ||uq|2+ = 1, we get that

/ uidvg <C (/ uidvg> .
M\Bs M

Here again, ||uqa|l2 — 0. This proves (2.28) when n = 5. At last, we suppose that
n = 4. Then, 2* = 4. We have that

u dv 5 U dvg
Juuadvy < Nualz=ans.. o) / W2y, 4+ —Bea(® Tl
\/fM uz dvg M \/fB yu advg
fBo(5M_1) d’Uga

\/fBo(ép 3 dvg,

where ¢, — 0 as & — «g. For any R > 0, we get by the Cauchy-Schwarz inequality
and (2.8) that

/ ﬂ,zd’l}ga < / ﬂgd’l)ga +ERr / aadv%
Bo(8uat) Bo(R) Bo(uat)

where egp — 0 as R — +o00. It follows from these equations and (2.11) that for any
R>0,

+

L U3dx
lim sup fR

Ju ug dvg <e
a—ag fM u?ydvg B 1/fB (R)’LL dl‘

where @ is as in (2.13). Noting that

lim @%dx = +o0
R—+0 JB,(R)

when n = 4, this proves (2.28) when n = 4. O
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3. PROOF OF THEOREM 1

Suppose first that (1.3) is not valid. Let ap = +00. Then, for any « € (0, ap),
1
inf T, < —=
mio " <12
where 1, is as in Section 1. Suppose now that (1.3) is valid and let ag = B(g)K, 2.
By the definition of B(g), for any « € (0, ay),
1
inf I < —.
momo " <12

By Section 1 we get in both cases that there exist u, € HZ(M) and X, € L>=(M),
0 < ¥, <1, such that for a sequence (a), @ < ag, converging to «ap,

(3.1) Agug + (/ uadvg) Yo = )\(yui*,l
M

and

(3.2) / u? dvg =1
M

where \, < K, 2 is the infimum of I,. Moreover, ¥,p = ¢ for any ¢ € HZ(M)
such that |p| < Cu, for some constant C' > 0. As already mentioned in Section 2,
if ap = +00, we necessarily have that

(3.3) lim uZdv, = 0.
a— Qg M

On the other hand, let us assume that ag = B(g)K,, ? and that (3.3) does not hold.
Then, up to a subsequence, u, — u in HZ(M) and u, — u in L?(M) as o — ay,
where u € Hf(M), u # 0. Up to another subsequence, we may also assume that
Aa — A as @ — «ap. We claim that u is an extremal function for (1.4). Indeed,
since 0 < ¥, <1,

lim Lo (Ua —u)dvg =0

=0 Jar

and we also have that [, Sauadvy = [, uadvy and [, uadvy — [, udv, as
a — og. It follows that

lim Eaudvg:/ udvg.
M M

a—agp

Multiplying (3.1) by w, integrating over M, and passing to the limit as o — «g, we

then get that
2
/ |Vul*dvg + ag (/ udvg> = /\/ u? dv,.
M M M
2

2 _
(3.4) 1 < Jas IVulPdug + ao ([, udvg) - (/ uQ*dvg)l 3
K~ ([ uQ*dvg)Q/Q* B M

Since A < KYZQ and

Hence,

/ uQ*dvg <1= liminf/ ui*dvg
M a7 Jpm
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it follows from (3.4) that A = K,,;2 and |lu|2~ = 1. In particular, u is an extremal
function for (1.4), and the above claim is proved. Summarizing, the proof of The-
orem 1 reduces to the proof that (3.3) is impossible. We proceed by contradiction,
and assume that (3.3) holds. Then the estimates 1 to 5 of Section 2 hold also. For
d > 0 small, and z € By(0), we set

Jgol(x) = exp;a g(z) and vo(z) = uq (expggu (x)) .

We also let n be a smooth cut-off function such that n = 1 in B(§/2), n = 0 in
R™\ By(9), |Vn| < €671, and |V?y| < €672, where, as in what follows, C' > 0 is a
constant independent of o and §. By the definition of K,

2
v
(3.5) / (nva)y dx < K,QL/ IV (nvg) [2d.
Bo(6) Bo(9)
We have that

/ |V (nua) [2de < / V0 Avgdr + 05*2/ v2dx
Bo(9) Bo(9) Bo(8)\Bo(6/2)

Avg = Dy, v + (98 = §7)Dijva — 98T (9a ) Okva

and

where A is the Euclidean Laplacian, §% is the Kronecker symbol, and the F(ga)fj’s
are the Christoffel symbols of the Levi-Civita connection with respect to g,. Hence,

/ |V (nve) Pda < / V0l g, Vadr + C5 2 v2da
Bo(4) Bo(9) Bo(8)\Bo(6/2)

+/ 7727104(927 - 5ij)aijvocdx _/ UQUaggr(ga)i‘vjakvadx-
Bo(6) Bo ()

Integrating by parts, and thanks to (3.1), we then get that

1 *
/ |V (nva)|?dz < —2/ 2 dr — a/ u(ydvg/ v dr
Bo(8) LM N0 M Bo(8)

+C’5_2/ v2dx —/ n? (g% — 6")0iv00;v0d
Bo(6)\Bo(5/2) Bo(9)

1 ) )
+§/ (01(95T(90)L) + 033959) P02 da.
By (8)

By (3.5), this implies in particular that

0 S/ v de — / (nva)? dz
Bo(9) Bo(6)

2
5%

B8 gkh [ b)) + 00 e
0
- Kfl/ n? (9% — 67)0iva0;v0dx + 05_2/ v2da.
By (9) By (6)\Bo(6/2)
Now, we may proceed as in Djadli and Druet [4]. By (2.24) and (2.28),
vidx
(3.7) lim IBO((S)\BO((S/Q) ° =

a—ag fBo(é) Ugdl‘
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Similarly, since x, — z¢ as & — «g, the Cartan expansion of g gives that

y y 1
lim (Ok (95T (g0)5;) + Bij93) (0) = 35(20)

a—ag

where S, is the scalar curvature of g. By (2.24) and (2.28) we then get that

(95T (9a)s) + Oijgd ) mvade 1
(3.8) lim sup fBo(é) ( d 194 = gSg(xO) +es

a— g fBo(é) Ugdﬂﬁ

where €5 — 0 as ¢ — 0. Independently, we claim that when Sy (o) <0,

2,.2* -
(3 9) lim sup fBO(é) 1"V dz — (fBo(é) (7711@) dl‘)
a—ag fBo(é) v2de

where €5 — 0 as § — 0. By Holder’s inequalities we indeed do have that

2

2x
/ n?v? dx — / (nva)? da
BO(é) Bo((s)
(2 —2)/2*
< / Ui* dx -1 / (77”&)2* dx
Bo(0) By (6)

and thanks to the Cartan expansion of g,

2
2%

<eé&s

2/2*

1 . .
dx < (1 + gRij(xa)xzx] + C’|a:|‘3) dvg,,

where the R;;(z)’s are the components of the Ricci curvature at z, in the expo-
nential chart. It follows from these equations that

2
bxa
/ v de — / (nva)? dz
Bo(5) Bo()
1 . .
< (X [ e, ) ([ e o
3n Bo(5) Bo(5)

X0 = Rij(xa)/ il v dvg,, .
Bo(9)

2/2*

where

By (2.14) we have that
/ |z |02 dvg, <C v2dv,,
BO((s) Bo(&)
and by (2.23) we have that for any R > 0,

Rij(xa)/ wiziv? dv,, < €R/ v2do,,
Bo(8)\Bo(Rpa) Bo(9)

where e — 0 as R — +00. Noting that

Rij(za) fBO(RMQ) xixjvi* dvg,  Rij(za) fBo(R) xixjﬂg: dvg,,

fBo(a) vgdvg, - fBO((sM;l) 3 dvg,




1208 EMMANUEL HEBEY
where 1, is as in the proof of Estimate 1, and that

S ok 1 ... *
/ 'l a? dr = —(5”/ |z|? % da
Bo(R) " JBo(R)

where 1 is as in (2.13) and the §%’s are the Kroenecker symbols, we get that

%Xa + &5 fBO(a) |x|2’u§; dvg,,

lim sup
a—aq fBo(é) ’U(Zyd’l)gu

when S;(z9) < 0. By (2.6) we also have that

=&

lim (nva)? dz =1
a—aq Bo(6)

and, combining these equations, we get (3.9). At last (we refer to Djadli and Druet
[4] for details) it can be proved with (2.23), (2.24) and (2.28) that for any R > 0,
‘fBo(é) 772 (géj - 5ij)aivaajvad$‘
lim sup

a—aq fBo((S) ’Uadl’

<er+tes+ ¢ li L
<er+es+——limsuyp—
Rn—4 a—ag fBo(éugl) uad?}ga

where eg — 0 as R — +o00, €5 — 0 as § — 0, and 1, is as in the proof of estimate
1. Noting that by (2.11) and (2.12),

lim inf/ w2 dvg, > / w?dx
@70 S Bo(dua’t) Bo(R)
for any R > 0, where @ is as in (2.13), and that if n = 4,
lim 2dxr = 400
R—+00 JBy(R)
it follows that
20 0 _ Si5\H.0) 5.
N?(g¥ — 0")0;v0,0,V0dx
(3.10) lim sup Js,00) 5 LU e

where e5 — 0 as § — 0. Combining (3.6)-(3.10) we then get that

1
(3.11) EK,%Sg(xO) +e5>0

wherees — 0asd — 0. Since Sy(zo) < 0, (3.11) is impossible, and the contradiction
follows. As already mentioned, this proves Theorem 1.

4. PROOF OF THEOREM 2

We start with the proof that (1.3) is valid if Sy < 0 and g is conformally flat.
Let a be a sequence of positive real numbers converging to +o0o. We assume by
contradiction that for any « in the sequence,

1
4.1 inf I,(u) < —
41 H2(M)\{0} ) K2
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where I,, is as in Section 1. Thanks to Section 1, we get that there exist u, € HZ(M)
and X, € L>®(M), 0 < X, <1, such that

(4.2) Agug + (/ uadvg) Yo = )\(yui*_1
M

and [, u2'dv, = 1. Moreover, $,p = ¢ for any ¢ € H(M) such that |p| < Cu,
for some constant C' > 0. As already mentioned, we necessarily have that

(4.3) lim u2dv, =0
M

a——+00

and Estimates 1 to 5 of Section 2 hold. In addition to these estimates, we claim
that L'-concentration holds also for the ug’s.
ESTIMATE 6. For any § > 0,

I} () Yadyg
(4.4) lim M\Bao(®) "9
a—+oo f 2 Uadvyg
where zg is the concentration point of the sequence (uq).

Proof of Estimate 6. We let 0 < 1 < 1 be a smooth function such that n = 1 in
M\B,, () and n = 0 in By,(0/2). We have that

(4.5) / uadvg/ uadvgg/ uadvg/ Nuadvg
M M\ By, (5) M M

and as when proving estimate 4, we get by the Moser iterative scheme that

1 «
/ u(ydvg/ Nuadvg = —/ N, ()\(yui -1 Agua) dvg
M M

a Jm

1 . 1

—)\a/ nu? dvg—l——/ |(VnVua)| uadv,
«Q M a Jm

e,
<éa (/ uadvg> + —Xa/ Uadvg
M «Q M

where ¢, — 0 as a@ — +o00, C' > 0 is independent of «, and

Xo = / |Vug|2dvg.
M\ Bz (5/2)

The proof of (4.4) then reduces to the proof that for §>0 small, there exists C' > 0,
independent of «, such that

2
(4.7) / |Vug|?dv, < C (/ uadvg> .
M\Bg, (8) M

As above, let 0 < 7 < 1 be a smooth function such that = 1 in M\B,,(8) and
n =0 in By, (6/2). Multiplying (4.2) by n?u, and integrating over M, we get that

IN

(4.6)

/ n?|Vua2do, + 2/ N (VNVue) dvg < )\(y/ n*u? dv,.
M M M
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Therefore, by the Moser iterative scheme,

/772|Vua|2dvg < C/ |7)Vua|uadvg+)\a/ n*u? dv,

M M M

C/ Uadvy /772|Vua|2dvg+)\a/ n*u? dv,
M M M

Jur n?| Ve |*dv, <o S M| Vua|?dog N Jur 772u(2;dvg
7 = 2 o 2
(IM “advg) (IM uadvg) (IM “advg)

By the Moser iterative scheme that we apply once again,

IN

and we get that

Sy dvg

T ([ tadvg)®
and it follows that

[y 1P VuaPdug ey

lim sup
a—toe [y tadvy)”

In particular, (4.7) holds, and we get from (4.5) and (4.6) that (4.4) holds also.

This proves L'-concentration for the u,’s, and Estimate 6. |

We proceed now with the proof of the first part of Theorem 2. Since (M, g) is
conformally flat, there exists ¢ € C®(M), ¢ > 0, such that § = p*/("2)g is flat
around zg. Set v, = ¢~ 'u,. By conformal invariance of the conformal Laplacian,

n—2 n+t2 9% _1

4. Aj o o Yo — o T2 = A
(4.8) §Va + (oz/Mu dvg 4(n_1)5gu ><p AU

We let § > 0 be such that g is flat in B,,(20), the ball with respect to g of center
xo and radius 26, and we assimilate B,,(20) and g with By(2J) and &, where & is
the Euclidean metric. We also let 0 < 7 < 1 be a smooth cut-off function such that
n=11in By(d/2) and n = 1 in R™\ By(d). By the defintion of K,

2

(4.9) (/ (nva)y da:) < Kfl/ |V (nua,) |2da:
Bo(9) By (9)

and we have that

/ |V (nva)|?de < / 0 Va Avgdr + C v2dx
Bo(3) Bo(6) Bo(6)\Bo(6/2)

where C' > 0 is independent of «. Hence, by (4.8), (4.9), and since Sy <0,

/ (nva)Q* dx +aK3L/ uadvg/ o uada
(4.10) Bo(8) M Bo(5)

< )\aKfL/ n*v? de + C v2da.
Bo(9) Bo(6)\Bo(6/2)

v
*l“
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On the one hand, A, K2 < 1. On the other hand, it follows from Hélder’s inequali-

ties that
/ v de — / (UUQ)Q* dx
Bo(4) Bo(9)
-4
< / vi* dx -1 / (nva)? da
BO((s) Bo((s)

/ 02 de = / ui*ap_Q*d’Ug < / ui*dvg =1
Bo(9) By () M

and it follows that

2
5%

2
2%

Moreover,

2
o

/\aKrQL/ n*v? dx — / (nva)z* dx <0.
BO(é) Bo((s)

Coming back to (4.10), we then get that

(4.11) aKfl/ uadvg/ o~ updr < C v2da.
M Bo(5) Bo(8)\Bo(4/2)

We have that

/ nzga_?uadx 2/ uadyy
Bo (9) Ba ()

for some § > 0 small, and by the Moser iterative scheme, there exists C' > 0,
independent of «, such that for § > 0 sufficiently small,

/ videC/ uadvg/ Uadvg.
Bo(8)\Bo(5/2) M M\Bu (5)

By (4.11) we then get that

J M\B,, () UadVg

(4.12) aK?<C
" me(S) Uadug

while by (4.4), the right-hand side of (4.12) goes to 0 as « — +00. A contradiction,
so that (1.3) is true if (M, g) is conformally flat and the scalar curvature of g is
nonpositive. The first part of Theorem 2 is proved.

We prove now the second part of Theorem 2, namely that (1.3) is not valid if
n > 6 and ¢ is scalar flat in an open neighbourhood of one nonconformally flat
point. We let W, be the Weyl tensor of g, and Rc, be the Ricci curvature of g.
By assumption, there exists o € M such that Wy(z) # 0 and Sy = 0 in B, (dp) for
some Jp > 0. We let § be a conformal metric to g such that Rez(z) = 0. We also
let § > 0 be such that B,(d) with respect to g is a subset of B,(dy) with respect
to g. Since the Weyl curvature tensor is a conformal invariant, Wj(z) # 0. Given
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B > 0, it follows from the conformal invariance of the conformal Laplacian that

2
fM |Vu|2dvg + B (fM |u|dvg)

inf YT
we H (M)\{0} (fay lul? dvg)®
_ - 2
< i [o I VulPdog + 4&—_21) Joy SguPdvg + B ([, [uldvg)
= ueH (IM |u|2*d’()g)2/2*

where B > 0, and ‘H consists of the nonzero functions u € H2(M) which are such
that Suppu C B,(9). For € > 0, we define

ue=(e+r)""F —(e+6°)7F itr<s,
ue = 0 otherwise,

where r = dj(z,.). Then,

/ ucdvg < C
M

where C' > 0 is independent of €, and it follows from the computations in Aubin
[1] that for any B > 0,

e . 2
Jog [Vuel*dvg + 4(n—721) Joy Sgutdvg + B ([ lue|dvy)
(IM |'U,€|2* d’Ug)Q/Q*

1

< 7z (1- QW5 @)Pe* +0(e?) ifn>6

§%(1+Cz|Wg(x)|2621nz-:+0(521115)) ifn=6
6

where Cy and Cy are explicit positive constants which do not depend on . Hence,
for any B > 0,

inf Jos IVuldvg + B ([, |u|dfug)2 - 1
we H2 (M)\{0} (jAIIUI2*dvg)2/2* K2

and this proves that if n > 6 and g is scalar flat in an open neighbourhood of one
nonconformally flat point, then inequality (1.3) is not valid. This ends the proof of
Theorem 2.
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